Global regularity of solutions of coupled 
Navier-Stokes equations and nonlinear Fokker 

Planck equations 

Peter Constantin* Gregory Seregin^ 
January 28, 2009 



Abstract We provide a proof of global regularity of solutions of coupled 
Navier-Stokes equations and Fokker-Planck equations, in two spatial dimen- 
sions, in the absence of boundaries. The proof yields a priori estimates for 
the growth of spatial gradients. 



1991 Mathematical subject classification (Amer. Math. Soc): 35K, 
35Q30, 82C31, 76A05. 

Key Words: Navier-Stokes equations, nonlinear Fokker-Planck equations, 
global existence. 



1 Introduction 

We consider a system 



dtu + u ■ VxU — u^xU + VxV = div^a, 

diVxU = 0, (1.1) 
dtf + u- VJ + diYgiWf) = k{AJ + diYgifV.U)) 
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The functions u = u{x, t) e p{x,t) e M and f{x,m,t) are the unknown 
functions with x E T"^ ^ m E M and t > independent variables. M is 
a compact connected Riemannian manifold without boundary of dimension 
iV, with metric gap{m). The operations Vg, div^, are covariant derivative 
of scalars, its adjoint and Laplace-Beltrami operator, respectively, i.e. in a 
local chart m = {m^, . . . m^), 

VgU = {dm"U)a=l,...N 

A J = diVgVJ 

where, as customary, g"^ denotes the inverse of g^is, g its determinant and 
repeated indices are summed. The second equation in (II. ip is the nonlinear 
Fokker-Planck equation. Linear Fokker-Planck equations arise naturally as 
Kolmogorov forward equations for the probability density distributions as- 
sociated with stochastic differential equations. Such linear equations with 
irregular coefficients were studied in (pUj). The cotangent field W is given 
by 

W{x,m,t) = V,ii(x,t) : c(m) = 1^ ' ' c,i{m), (1.2) 

dXj 

where Cjiim) = {cji-i{m))i=i^,,,N are smooth, time independent functions of 
m. The potential U {x, m, t) is given by 

U{x,m,t) = I k{m,m')f{x,m',t)dm' = U[f]{x,m,t) (1.3) 
Jm 

where dm stands for the Riemannian volume element, y/gdm} . . . dm^ . The 
interaction kernel k is Lipschitz continuous in M and is a given time inde- 
pendent function. The kernel is a symmetric function k{m,m') = k{m! ^m) 
and the operator / i-^ [/[/] is bounded selfadjoint in L'^{M). The cotangent 
fields Cji, the interaction kernel k, the kinematic viscosity z/ > and the 
microscopic diffusivity k > are all the parameters in the problem. The 
added stress a is given by them by 

aij{x, t) = {cij ■ VgU (x, m, t) - divgdj) fdm. (1.4) 
Jm 

The system (11. II) is a model of complex fiuids ([2]) that is a natural gen- 
eralization of classical models of fiuids with rod-like particles suspended in 
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them ([T|). The constitutive relation fll.4l) . modulo multiples of the identity 
matrix, was introduced ([3]) in order to have the natural energy balance 

^ [ \l\uix,t)\^ + £[f]{x,t)\dx+ [ {u\\/,uf + KV[f]{x,t)}dx = 0, 

jRd {Z ) J^d 

(1.5) 

where 



and 



j^^[f-\ogf + \fU[f]^dm (1.6) 



nf] = / \V, {U[f]+ log f )\^ f dm. (1.7) 
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We note that the Fokker-Planck equations satisfies the weak maximum prin- 
ciple (if is a given smooth function) and therefore if /(x,m,0) > 0, then 
/(x,m,t) > 0. Moreover the micoscopic density 



PM{x,t) = / f{x,m,t)dm 
Jm 

obeys the pure transport equation 

dtPM + u ■ V^Pm = 0, 

and therefore, the region occupied by microscopic corpora is material (car- 
ried by the fiow). In particular, from the fact that u is divergence-free it 
follows immediately that the density p G L°°{dt] fl L'^{dx)), if the initial 
density Pm{x,0) is bounded and integrable. The fiuid density is taken to 
be identically 1. We do not use the energy balance fll.51) in this paper, but 
the fundamental properties used for the proof of existence and regularity 
of solutions of (11.11) originate from the same source as the energy balance, 
namely the structure of the equations and the constitutive equation (11.41) . In 
particular, we have, a priori, / > 0, / G L°^{dx;L\M)) and consequently 

Global regularity for (11.11) was first proved in ([S]). Independently and 
simultaneously, global regularity for a similar model was proved in ([llj). 
That model is a version of the FENE model in which the physical gradient of 
velocity is replaced by its anti-symmetric part, and the particles are restricted 
to the unit disk by a potential that is infinite at the unit circle. Both proofs 
suffer from the fact that they are based on estimates with loss of regularity. 
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and they are non-quantitative. In particular, there is no a priori bound on 
the growth rate for the spatial gradients. 

In this paper we use results from (^) and the method of (|3j) and ([4]) to 
produce quantitative bounds. We use approximations that respect the basic 
properties of (11.11) . We consider a standard mollifier 

Js{u){x) = (p{ ^^—T^ ) u{y,t)dy 



with (f) e C^(]R^) and approximate (11. ip by 

dtu + u- VxU - uA^u + VxP = diVxJsicr), 

div^u = 0, (1.8) 
dtf + Jsiu) ■ V.J + div,(J,(M^)/) = k{AJ + diYgifVgU)) 

We obtain bounds independent of 5. Existence of solutions of the nonlinear 
system (II. 8p with 5 > can be obtained by an implicit iteration scheme, 
using linear equations in each step of the approximation: 

+ yW) . y^u^n+i) _ + V^.p("+^) = div^. J5(t("+i), 

div^M("+i) = 0, 

+ J5(„(")) . Vx./(''+^) + diVg(J5(Vr("))/("+^)) = 
/€(A3/("+l) + diV3(/("+l)V3f/("+l))) 

(1.9) 

The existence of solutions of (II. ip then follows from the existence of solutions 
of the approximate systems (II. Sp and uniform bounds. The purpose of this 
article is to establish these bounds. In what follows all the bounds will be 
uniform in (5 > 0, and when 5 = 0, then is taken to be the identity. 

Definition 1.1. Let q > 2. We will say that (mo,/o) ore standard initial 
data zf dzvxuo = 0, uq e W^'^iT"^), fo > 0, fo{x,m) G W^'^iJ"^; L'^{M)) and 
j^j fo{x,m)dm = 1. 

The Navier-Stokes equation can be written in the form 

dtu - uA^u + VxP = diva-r, ,^ 
diVxU = 0, 



where 

Tij{x,t) = Jsaij{x,t) - Ui{x,t)uj{x,t). (1-11) 
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Taking the divergence of fll.lOl) we can solve for the pressure 



p= -(-A,)-^a,a,r,,-. (1.12) 

using periodic boundary conditions. The operator r — > p in (11.121) is bounded 
in L^. The solutions of the Navier-Stokes equations discussed in this paper 
have r(-, t) G and the pressure in the solution of (II. 8p is meant to be given 

2 Statements of the main result and lemmas 

The main result we prove in this paper is 

Theorem 2.1. Let g > 4, (iio,/o) be standard initial data and let T > be 
arbitrary. Letp > a > ^ + 1- There exists a constant K depending only 
on the norms of the initial data, T, n, z/, q, a, with K bounded for bounded 
T, and a unique solution {u, f) of M.l\) with pressure p given by U.l^) and 
such that 

||V^V^.lx||ip(o,T;L9(T2)) < K, (2.1) 

snp\\VM-,t)\\L^ <K, (2.2) 

t<T 

and 

sup !!/(■> ^)|lvi/l.'J(T2;i?-°(M))) — (2-3) 

hold. 

Remark 2.2. The constant K grows at most like a double exponential of T 
multiplied by a first order polynomial in T . 

Let H and V be the completions of the set of all divergence-free vector fields 
of C°°(T^;]R^) with vanishing mean value on the torus, with respect to the 
LP' norm and the Dirichlet integral, respectively. The following result was 
proved in pj: 

Proposition 2.3. Let u e L'^iO^T; H) n L'^{0,T;V), p G L'^{0,T; L'^{T^)) 
be a solution of the initial value problem 

dtu + u ■ Vu — uAu + Vp = div a, div u = 0, (2.4) 

u{-,0) = Uo{-)eH, (2.5) 
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where a G L''(T^ x (0,T);M^^^) with r > 4. Then, given s > 0, there exists 
a constant Cg depending only on s, v, the norm of uq in H , the norm of a 
m U{T^ X (0,T)), such that 

< Cs. (2.6) 

Moreover, the function u is Holder continuous in x [s, T] with exponent 
7 = 1-^. 

Remark 2.4. The existence and uniqueness of a solution to the initial value 
problem i2.4\) and Ii2.5\) with above properties is well known, see JEj. 

The proof of the result is based on local iterative estimates for L'^ space- 
time integrals of the velocity, in the spirit of De Giorgi. The fact that u,p 
solve the Navier-Stokes equation fl2.4p . with p given in fll.l2p with 6 = 0, i.e., 

p = RiRj{aij - UiUj), (2.7) 

where Ri = di{—Ax)~^ are the Riesz transforms, is used to relate the pressure 
to the velocity. The iteration relates integrals on smaller parabolic cubes to 
integrals on larger ones. For the iterative procedure to succeed, the modulus 
of absolute continuity of the map 

Q C {T^ X {0,T)} ^ I \u{x,t)\^dxdt, 

Jn 

needs to be controlled apriori, to guarantee that such an integral is arbitrarily 
small, if the parabolic Lebesqgue measure of Q is small enough. The following 
result was used in ([B]) to control the modulus of absolute continuity. 

Proposition 2.5. Let u G L°°(0, T; H) f] L'^{0, T; V) be a solution of the 2D 
Navier-Stokes equations ^2.4^ with initial data 112. 5]) . Uq E H n U(T^) and 
a G L^(T^ X (0, T); M^^^) with r > 4. There exists a constant K depending 
only on the norm ||cr||/^r(Tr2x(o,T)); and the norm of uq in Hr\U{T'^) such 
that 

sup \\ui-,t)\\Lr^j2)<K. (2.8) 

0<t<T 

Proposition 2.6. Let (uo,/o) be standard initial data. There exists Tq > 
and a constant K, depending only on the initial data and the parameters 
K,p,q,a, where q > 2,p > > 1 + y, such that a unique solution 
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of / (i.ip exists on the time interval [0,To], with pressure p given by U.1S\) . 
satisfying 

\\u\\LP(0,To;Liidx))+ SUp [\\u{- , t)\\w^,,(j2) + \\ f {■ , t)\\w^,g(^f2.H-"{M))] < K . (2.9) 
0<t<To 

Proposition 2.7. Let {uq, /q) be standard initial data and let T > be 
arbitrary. Let q > 2, p > a > y + 1. There exists a constant K 
depending only on the initial data, T, n,h',p,q,a, bounded for bounded T, 
such that, if {u, f) is a solution of U.8\) or a solution of U.l\) with 

ue LP{0,T; W^''^{T^)), pressure p given by (fiJ^ . 
and with f e LP(0, T; W^''^{T^; H-^{M))), 

then 

< K (2.10) 
holds. 

Lemma 2.8. Let {uq, /q) be standard initial data and letT > be arbitrary. 
Let q > 4:, p > a > y + 1. There exists a constant K depending only on 
the initial data, T, k, u, p, q, a, bounded for bounded T, such that, if {u, f) is a 
solution of U.8\) or a solution of U.l]) with u G Lp{0,T; VF^''^(T^)), pressure 
p given by HHE) and f G Lp{0,T; W^'1{T^; if-"(M))), then 

sup ||V^.i/(-,t)||L<-(T2) < Klog(2 + ||/||^p(o^^^i,,(Tr2^^„(^)))). (2.11) 

0<t<T 

Theorem 2.9. Let T > 0, and Uq, /q be arbitrary standard initial data. Let 
k>lq>Aand assume that uo G W^'+^'^iT^) and fo G 1^^''?(T2; L«(M)). 
Then, for any p > there exist constants K depending only on k,q,p, 

u, K, T and the norms of the initial data, such that the solution of U.l\) on 
[0,T] with pressure p given by U.12\) sstisfies 

sup ||-u(-, t)||vyfc,9(T2) + \\u\\lp(0,T;W''+^'1{T^)) < K (2-12) 
0<T 

and 

sup ||/|Lfc.9(T2;L9(Af))) < K. (2.13) 



sup 



(T2) 



+ k ■ 



, rj||L°=(T2) 
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3 Proof of Proposition 12.5 



We multiply (12.41) by 'u|'u|'' ^ and integrate in space and integrate by parts. 
We obtain 

^ /j,2 \u{x,t)\''dx + u \ Vxu{x,t)\'^\u{x,t)\''-'^dx < 
C J^, [\a{x,t)\ + \p{x,t)\] \ VMx,t)Mx,t)\''-^dx. 

Writing | Va;M| |?/|^~^ = |Vx.'u||'u|^|u|^, using a Holder inequality with ex- 
ponents r, 2, and then the Schwartz inequality and the viscous term, we 
deduce 

Dividing by and using the boundedness of Riesz transforms we obtain 

d 



< C [Ml,,. + \\a\\lr] 
Now we use the inequality 

||«||i2r(T2) < C [\\u\\l2(^j2) + ||V^M||i2(Tr2)] ||M||ir(T2) (3.14) 



to deduce that 



dt 

Because 



lhlli^<ci|a||i. + c[iklli2 + i|v..liy \\u\\lr. 



^0 



the bound (12.81) follows from Gronwall's inequality. We present below a 
sketch of the proof of (I3.14p . We claim first that for any r > 2 there exists a 
constant C^, such that 



<a.||/||L^(R2)||V/|U2(I,2) (3.15) 



holds for all / G U{R^) with V/ G L^(R^). This is a generalization of 
the well-known Ladyzhenskaya inequality (^) corresponding to r = 2. An 
elemenatry proof of (13.151) was given in ([6]). We give, for the sake of com- 
pleteness, a generalization and proof in the Appendix. The inequality (13.141) 
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follows by considering the function u as the restriction to [0,27r]^ of a peri- 
odic function U defined in the whole space M^, and taking a smooth com- 
pactly supported function (p that is identically 1 on an open neighbourhood 
of [0, 27r]^. The inequality fl3.15p holds for / = (pU, and in view of the fact 
that ||0f/||L'-(M2) < C'||'f^||L'-(T2) and similar inequalities, we have 



^Ili2'-(T2) - 



c 
c 



< 



V((^?7)|U2(K2)||(^f/||i.(K2) < 
\\4>^U\\l2{M?) + ||f/V0||L2(]82)] ||M||Lr(T2) < 
J|V'u||l2(t2) + ||n||i2(T2)] ||M||ir(T2). 



4 Proof of Proposition 12.6 



In this section we will denote by C constants that may depend on k, T,p, q 
and a and are locally bounded in T > 0. We will denote by K constants that 
may depend in addition on standard initial data, and are locally bounded in 
T and the norms of standard initial data. All the constants are independent 
of <5 > 0. 

We consider the vorticity, Lj{x,t) = V"*" ■ u{x,t) = ^"g^i'*-* — ^"^^2'*^ and, 
taking the curl of the Navier-Stokes equation, we obtain the vorticity equa- 
tion 

dtuj + u ■ V^.o' — uAxUJ = Vx ■ div^. J^o". 



(4.16) 



We multiply this by \uj\'^ "^uo and integrate in space: 

-| l^ol^dx + v{q - 1) j^, I V,a;|' \Lo\'i-^dx 



< (g - 1) /j,2 Idiv^J^o"! 



T2 

9-2 



0J\ 



9-2 



V^^o) L; 2 



dx. 



Using the Holder inequality with exponents g, -^,2 and hiding the term 
involving the gradient of u in the viscous term, we obtain 



qdt /t2 \^\^dx + 2 

< ^||div3,J5cr||i,|| 



jj2 \ \u\'^ "^dx 

19-2 
\Li ■ 



(4.17) 



Integrating and using the well-known fact that the L'^ norms of vorticity 
bound from above the L'^ norms of the full gradient of velocity (modulo 
multiplicative constants), we obtain 



\h<K + C \\dwxJsa{-,s)\\%ds. 



(4.18) 
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The forces apphed by the particles are obtained after / is integrated along 
with smooth coefficients on M in order to produce a fll.4p . Therefore, only 
very weak regularity of / with respect to the microscopic variables m is 
sufficient to control a. We take advantage of this fact in order to control 
spatial gradients of / in terms of V^w G L^(L°°). We consider the L^(M) 
selfadjoint pseudodifferential operator 

i?=(-Ag + I)~^ (4.19) 

with a > Y + 1. We differentiate the Fokker-Planck equation 

dtf + Jsu ■ VJ + diYg{Js{W)f) = KdiYg{Vg{\ogf + U[f])) (4.20) 

in (11.81) with respect to x, apply R, multiply by KV^f and integrate on M. 
Let us denote by 



N{x,ty = J \RVJix,m,t)f dm (4.21) 



M 

the square of the norm of RVxf on M. Note that 

\VxJsaix,t)\<CN{x,t) (4.22) 
holds in view of the definition (11. 4p . We obtain 

^ {dt + Jsu ■ V,) < C{\JsV,u\ + k)N^ + C\JsVxV,u\N (4.23) 

pointwise in {x, t) with an absolute constant C. The proof of this fact ap- 
peared in several places ([5], J4j) and will not be reproduced here. Now we 
multiply fl4.23p by A^^~^, integrate dx, multiply by || Holder 
inequalities in both space and time: 



\Li{dx) ^ ^ Vll^<^ ^ ai'U'Vi '^JUL'^idx) -I- 11^' V5 '^J\Hi{dx)- 

(4.24) 

In order to proceed we need to use the representation of the gradient of the 
solution, from the Navier-Stokes equation (11.101) : 

t 

V^m(x, t) = e^'^V^Uo - j e'^(*-^)^AeT(-, s)ds (4.25) 
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with 

(Hr),, = {5ii + RiRi) R^m (4.26) 

and Rj = (9j(— A^)~2 are Riesz transforms. This formula is obtained by 
differentiation of the integral representation of the solution of the Navier- 
Stokes equation (11.101) and use of (I1.12p . We will use the fact that the linear 
operator 

Jo 

is bounded in Wi^dt] U{dx)) for 1 < p,q < oc (see, for example ([9])). We 
start by estimating Vu from ( 14.25^ using the smoothness of the kernel of the 
heat equation which results in the bound (see also ([3])) 

||e'^(*-^)^AHr(s)|Uoo(,,) < C{t - s)-ir(s)|Uo.(,,), 

and obtain, for any < / < t, 

t-i 

\\V^u{-,t)\\L^^dx) < K + C\\T\\L^^o.t) J it-s)~^ds 



+ / ||e'^(*-^)^div,HV.T(s)|Uoo(rf,)rfs. 

We measure in LP{0,t; L'^{dx)) for p > q > 2. Then we obtain, 
using properties of the heat kernel, 

||V,u(-,t)|U^ < ir+C||r||i-(o,t) log (f) 

Li(dx)ds 

t-l 

and thus, by the Holder inequality in time with p, p* we obtain that the last 
term is bounded by 

( 1 9+2-. , ^ 

with 



yvM=[ / l|V.r(-,.)|r.,,,,rfs . (4.27) 



pq\'') \ I II V V ? '^;ilL9(dx) 
\*/ 

The choice of p was so that the power of / is positive. Then, choosing / in 
terms of Ypq we get: 

||V,w(-,t)|U.c(rf,) <K + C||T|Uo.(o,t)log(2 + yp,(t)) (4.28) 
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for < t < T. From fl4.25p we deduce 

t 



and therefore, using the boundedness of T in L^^dt; L'^{dx)), we deduce 

II V.V.M|Up((o,t),L.(T2)) <K + CYpq{t). (4.29) 
Let us denote ^ 

ZM=( f WNi-^s^L^d.^" (4.30) 



Then, using (14.281) and (14.291) in (14.241) . integrating in time and using the 
fact that the right-hand side of (I4.28p is non- decreasing in time, we have 



d_ 

di 



Zp,{tY <K + CYp,{tY + C||T|Uoo(o,t) log(2 + Y^,{t))Z^,,{tf (4.31) 



Now, from the definition of Fpg, the Sobolev embedding W^^'i{T'^) C L°°(T2), 
dHH]) and (S22]), it follows that 

Y,,{t)<C{Z,,{t) + Zl{t)). (4.32) 

Also, using (11.41) . the Sobolev embedding referred to above and (I4.18p . it 
follows that 

\\r\\L^<K + CZl^{t), (4.33) 

and thus, using (I4.32p and (14.330 in (I4.3ip we obtain an ordinary differential 
inequality for Z'^^ which shows that there exists Tq and K depending on the 
norms of standard initial data such that 

Zpq{t) < K, for t<To. 

Using ( ]4.32p we deduce that Ypq(t) is bounded a priori in terms of initial 
data, and using (I4.28p . (14.290 and (14.330 . we obtain a priori bounds for u. 
The proof of local existence follows by passing to the limit 6^0. 
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5 Proof of Proposition 12.7 



In this section we have a solution of (11 .Sp or (11 .ip with standard initial 
data, with u G Lp(0,T; W^^'i{T'^)), f e Lp(0,T; W^'^iT^; if-"(M))), p given 
by (I1.12p . and we need to find K depending only on the initial data and 
parameters u, n, q but not on the solution (i.e, bounded a priori in terms of 
the initial data and parameters) such that (I2.10p holds. 

Note first of all that || 750-11^00(^2 .^2x2) < K follows from (11.41) with a 
uniform constant, depending only on the coefficients Cij and k of the nonlinear 
Fokker Planck equation and on the initial density of particles, which in this 
paper we took to be 1. 

It remains to bound ||M||ioo. We may apply the local existence result. 
Proposition 12. 6[ Let Tq > be a local existence time depending on the 
standard data and parameters, guaranteed to exist by Proposition 12. 6[ If 
T <Tq there is nothing left to prove. If T > Tq, we take s = ^ in Proposition 
12. 3[ The assumptions of Proposition 12.31 are satisfied: Indeed, the right-hand 
side J^a is in with arbitrary r. In addition, the solution u is sufficiently 
regular to justify the standard energy inequality 

\\H-t)\\h + f /o^/t^ \VMx,t)\^ dxdt < 
ilko|li2 + ^ /o j.^2\J5cr{.x,t)\'^dxdt 

and therefore, by Sobolev embedding u G L^((0,T) x T^). In view of p = 
RiRj^Tij) from (I1.12p . and the boundedness of Riesz operators in L^, the 
assumptions of Proposition 12.31 are verified. Because s = ^ is fixed by the 
initial data, the constant Cs in Proposition (12. 3p is bounded uniformly in 
terms of the norms of the standard initial data and T. 



6 Proof of Lemma 12. 8L and Theorems 12.11 and 



2.9 



For the proof of Lemma 12.81 we use (I4.28P . In view of Proposition 12.71 and 
the definition (II. lip we have 



sup ||T(-,t)||Loo < K 
0<t<T 



(6.34) 
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with K depending only on initial data, parameters, an bounded locally in 
T > 0. We can use the bound (gSD together with fOIj) in i^UI^ to obtain 



|V^w(-, 



|l°°(t2) 



(6.35) 



and, consequently, (12.111) and Lemma 12.81 are proved. In order to prove 
Theorem 12.11 we use the bound (12.101) of Proposition 12.71 the chain rule, the 
bound flilSD and KT2\) to obtain 



||Vx {U ® U) ||LP(0,i;L9(T2)) < K{1 + Zpg{t)) , 

for t <T. On the other hand, from (14.221) we have 

IIV 

SO we obtain, in view of the definition (14.271) . 

Ypgit) <K{1+ Zpg{t)) 

for t <T. In view of (I4.29p and (I6.37P above, we have 

\\^ xU\\Lv{0,t;Li(T'2)) < K{1 + Zpq{t)) 



(6.36) 



(6.37) 



(6.38) 



for < t < T, as well. Using fICTD and flOTj) in fOB we deduce that 
z{t) = Z^^if) obeys an ordinary differential inequality 

< K{2 + z)\og{2 + z) 

at 

with z{Q) = 0, 2; > and K{t) locally bounded on [0,oo). This implies an 
apriori bound for 2 + z{t), 



2 + z{t) < exp 



(log2)exp / K{s)ds 



Thus 



Zp,{T) < K. 



(6.39) 

It follows from (I6.39P and (16.381) that \\^ x'^ xu\\LP{Q,T;Li(T'i)) < K, which 
proves dill]). Using flOS]) and fICTD . we obtain (Q- Finally, using fl2lD 
and (12. 2p in (I4.24p . we obtain (12. 3p . The proof of Theorem 12.11 is complete. 
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The proof of Theorem l2.9l is done by induction. For k = 1 , the inequahty 
( HJ^ follows from ([211]) and ([OD- The inequality ([2IISD follows from the 
Fokker-Planck equation (14.201) . Indeed, differentiating with respect to m, 
using the fact that the coefficient k > of is nonzero and the bound (12. 2p . 
we obtain first that Vg/ G L°°(0, T; L°°(da;; L«(M))). We also obtain an 
apriori / G bound, directly from (14.201) using (12. 2p . Then, we differentiate 
(I4.20p in X, multiply by V^/| Vx>/|'^~^ and integrate dm. We obtain, after 
integrations by parts, 

idt + Jsuix,t)-v^) ii/(x,-,t)r^,(^,) < 

-'^ /M|V<;V,/(x,m,t)|2|V,/(x,m,t)|''-2(im+ 

C\V.Jsu{xM\fi^r,t)\\UM) + 

I J5 VxV^M(a;, t) I ||divg(c/) \\li(m) Wfix, •, t) || lI(m) + 
C JM\'^9U\\Vjr'\VgVJ\dm+ 
CJm l/l|V,V.t/||V,./|«-2|V,V./|dm. 

The last term is bounded using the dissipative term involving k, 

+ C\\f{x, -, t)|| 2,oo(Jl^)|| V2:/(X, -, 

We do have \\f{x, ^)llioo(jvf) ^ ^ because of (12.21) . We bound the penulti- 
mate term similarly: 

1 Im I V3V,/(x, m, t)\^\VJix, m, t) I'^-^dm 
+C\\VM^rMl^iM)\\^Ji^,-,t)\\%^,,y 

The term || VgL'"||i,oo(jvf) < K because f{x, is bounded in L^(M) annd the 
kernel k{m, m!) is Lipschitz. Integrating in space and using (12.20 we obtain 

^ 11/ II L9(dx;L9 (A/)) < K\\W xU\\li 

the bound (12.131) for k = 1. For the induction step, we differentiate (I4.25P k 
times. Using the classical calculus inequality 

||« ® -ulltyfc,? < C||li||Loo||M||^yfc,, 

and the induction hypothesis (I2.12p and (12.130 . we obtain (I2.12p for k + 1. 
In order to obtain (I2.13P for + 1 we differentiate (I4.20p A; + 1 times, use 
the fact that (12.120 is true for A; + 1 , and employ arguments similar to those 
shown for k = 1. We omit further details. 
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7 Appendix: Generalized Ladyzhenskaya in- 
equalities 



The inequality (13.151) is the particular case n = 2 of the inequality 



l2r 



jn) < C'||/||Lr(]gn)||V/||^0,n, 



(7.40) 



valid for all r > ^. The norm in right the hand side of (17.401) is the Besov 
space norm, 



Ilp(IR") 



Lj=-oo 



defined in terms of the Littlewood-Paley decomposition ([T], [9]) 



into functions whose Fourier transforms are supported in dyadic shells of 
order = 2^ i.e. supA~7 C Aj, Aj = {^\\^\ e [2^-\2^+'^]}. As it is well 



known B. 



0,2r/ 



C L 



2r /'^^)n^ 



, I.e., 



Z,2r(IRn) < C*^^ II Aj/||^2r(]Rn). 



We split the sum in two parts, for j < M and for j > M. When j > M we 
use the Bernstein inequality 



and thus 



Ylj>M\\^jf\\l'2r(M.n) < C^jyjyjXj II AjV/||^„(-]g„-) < 
'^VI|V/||^0,n(jj„). 

For j < M we use the Bernstein inequality 



l^i/llL2r(]8n) < CXj II Aj/||^r(IRn) < C* A J 1 1 / 1 1 (JRn ) 



and so 



Zl-oo ll^j/llL2'-(R") — ^II/IIl'-(M") Z]i=-oo -^j — 



M 



) ^j-- 



11/11 i'-(R")- 
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Optimizing in M, we deduce f l7.4UI) . 
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